Introduction
Satisfaction. Given a relation R between graph functions we say that a graph G satisfies R if plugging G into each function gives a true statement (e.g. G satisfies χ ≥ ∆ means χ(G) ≥ ∆(G)).
We prove the following general lemma and apply it to Reed's conjecture.
The Main Lemma. If G is a graph satisfying ω ≥ 3 4 (∆ + 1), then G has an independent set I such that ω(G − I) < ω(G).
In [9] , Reed conjectured the following upper bound on the chromatic number. Observation. If we could always find an independent set whose removal decreased both ω and ∆, then the conjecture would follow by simple induction. Expanding the independent set given by The Main Lemma to a maximal one shows that this sort of argument goes through when ω ≥ 3 4 (∆ + 1). Thus a minimum counterexample to Reed's conjecture satisfies ω < 3 4 (∆ + 1) and hence also χ > 7 6 ω .
Reed's upper bound was proved for line graphs of multigraphs by King, Reed and Vetta in [4] , for quasi-line graphs by King and Reed in [5] , and recently King and Reed proved it for all claw-free graphs (see King's thesis [6] ). The line graphs of multigraphs result follows from the following theorem.
Theorem D. If every induced subgraph of a graph G satisfies χ ≤ max 7 6 ω , ω+∆+1
Reed's upper bound for line graphs of multigraphs follows immediately from Theorem D, a bound of Caprara and Rizzi (see [1] ) and the bound of Molloy and Reed on fractional colorings (see [8] ). Since induced subgraphs of line graphs are line graphs, ∆(H) ≤ ω(G) and ⌊1.1ω(G) + 0.7⌋ ≤ 7 6 ω(G) we may apply Theorem D and prove the following.
King, Reed and Vetta. If G is the line graph of a multigraph, then G satisfies χ ≤ ω+∆+1 2 .
Proof of The Main Lemma
We need three lemmas. The first is due to Hajnal (see [2] ). Lemma 1. Let G be a graph and Q a collection of maximum cliques in G.
Proof. Assume (to reach a contradiction) that the lemma is false and let Q be a counterexample with |Q| minimal. Put r = |Q| and Q = {Q 1 , ..., Q r }.
The second lemma we need is an improvement of Hajnal's result for graphs satisfying ω > 2 3 (∆+1) due to Kostochka (see [7] ). We reproduce Kostochka's proof here to serve as an English translation.
Clique Graph. Let G be a graph and Q the collection of all maximum cliques in G. The clique graph of G is the graph with vertex set Q and an edge between Q 1 = Q 2 ∈ Q if and only if Q 1 and Q 2 intersect. Let C(G) be the components of the clique graph of G.
Lemma 2. Let G be a graph satisfying ω > 2 3 (∆ + 1). Then for every C ∈ C(G) we have
Proof. Assume (to reach a contradiction) that the lemma is false and let G be a counterexample with the minimum number of vertices. Then there is some bad component C ∈ C(G). By minimality of G, we have G = V (C). Put D = V (C). Note that if |D| ≥ 1, then |G| ≤ ∆(G) + 1 and the result follows from Lemma 1.
Thus we may assume that |D| = 0. By Lemma 1 we have |G| ≥ 2ω(G). Put V (C) = {Q 1 , . . . , Q r }. Take x ∈ V (G) that is in the minimum number of the Q i . Without loss of generality, say x ∈ Q i for 1 ≤ i ≤ t for some t ≥ 1.
Consider the set
In the former case, we must have y ∈ r i=t+1 Q i for otherwise y would be in fewer than t of the Q i contradicting the minimality of x.
To apply the minimality of G to G − A all we need to show is that G − A has a single clique component. Clearly this will follow if we show that the clique graph of G is a clique. Since the clique graph is connected, it will be enough to show that it is transitive. So, let Q 1 , Q 2 , Q 3 be distinct maximum cliques and assume that Q 1 ∩ Q 2 = ∅ and Q 2 ∩ Q 3 = ∅. Then
Thus Q 1 ∩ Q 3 = ∅ showing that the clique graph of G is transitive.
So we may apply minimality of G to conclude that
This contradicts the fact that |G| ≥ 2ω(G).
The third lemma we need is a result of Haxell (see [3] ) on independent transversals. Consider the partition {F i } i of V (H). We have
Thus, by Lemma 3, H has an independent set I = {v 1 , . . . , v n } where v i ∈ F i for each i. Since F i was contained in all the maximum cliques in C i we have ω(G − I) < ω(G).
Proof of Theorem D
Theorem D is an easy consequence of The Main Lemma.
Proof of Theorem D. Assume (to reach a contradiction) that the theorem is false and let G be a counterexample with the minimum number of vertices. First assume that ω(G) ≥ 3 4 (∆(G) + 1). Then by The Main Lemma we have an independent set I with ω(G − I) < ω(G). Plainly, we may assume that I is maximal (and hence ∆(G − I) < ∆(G). Put H = G − I. Then, by minimality of G, we have χ(G) ≤ 1 + χ(H) This final contradiction completes the proof.
